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Derivation of the Kohlrausch-Williams/Watts
Decay Law from Activation-Energy Dispersion

Time-independent random walks are useful to describe
conformations of disordered polymer chains in solution and
bulk. Recently continuous-time random walks have been
applied to very slow (>pus or so) nonexponential relaxation
near and below the polymer glass transition. In particular,
Glarum’s defect diffusion model of dielectric relaxation was
extended by Shlesinger and Montroll (SM)! to include the
possibility that a defect’s progress toward a frozen dipole
might be intermittent, consisting of self-similar bursts of
hopping events with intervening clusters of pauses.
(Polymer defects can be high-energy backbone conformers
which diffuse along or between chains.) In Glarum’s or-
iginal one-dimensional treatment, the nearest defect dif-
fuses to a waiting dipole by a steady hopping motion. (A
defect is pictured as carrying a packet of “free volume” so
that its arrival at a dipole results in instantaneous orien-
tation relaxation.) The rate of relaxation is governed by
the flux of defects into dipoles. Intermittency results if
defects get stuck, either because they wander down “dead
ends” of the chain and have to find their way back or
because they must wait to jump over a distribution of
barriers (vide infra). The SM model yields for the Laplace
transform of the defect flux I(u)!
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where J/(u) is the Laplace transform of the waiting-time
density, P(s,z) is the site-visitation probability generating
function for the lattice, and u is the transform variable.
In the case of a waiting-time density y/(¢) with a long-time
tail
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SM show that asymptotically eq 1 and 2 give for the dipole
orientation survival probability ¢(t)

B(t) ~ et

0<a<t (2)

(3 dimensions) (3a)

#(t) ~ e** (1 dimension) (3b)

where ¢; and ¢, depend on defect density, lattice structure,
and the precise form of Y(¢). Equation 3a is the form of
the Kohlrausch-Williams/Watts (KWW) function which
is widely employed to discuss glass relaxation.?™

Barrier Dispersion Model of y(t).> Major unresolved
issues are the range of validity of the asymptotic limit, the
physical interpretation of the exponent «, and its rela-
tionship to external and chemical parameters. This com-
munication describes a familiar physical mechanism®!4
which leads to a specific ¥(¢) with the required long-time
behavior (i.e., eq 2). The exponent « is simply related to
the dispersion of activation energies and entropies for
defect hops. Dipole decay #(t) at early times, crossover
to the KWW form, and terminal behavior for this y(t) will
be discussed elsewhere.'?

The present barrier-jump model of Y(t) assumes that the
long-time tail may have the same origin discussed by
Pfister and Scher for anomalous transport in semicon-
ductors;!® the basic transport laws contain exponential
dependencies on structural parameters of the material, and
distributions of such structural parameters (as occur in
amorphous systems) generate power laws in transport
rates. The phenomenological Eyring'” or Kramers!® form
of a thermally activated jump rate A in the presence of a
single free energy barrier F* is

Ao = Ao Fo*/RT) (4)

where A, is the attempt frequency which depends on the
potential curvatures and the effective viscosity. The
barrier height F;* must be several times larger than the
thermal energy kT, a condition usually met in polymers.
The barrier is composed of both an entropy and an energy
contribution:

F*=-TS* + E* = -T(S, + 6S) + (E, + 6E) (5)

where 8S and 6E are entropy and energy fluctuations
generated by local changes in intra- and interchain con-
former states. The distribution in neighbor arrangements
leads to a distribution of barriers for defect hops. If the
time scale of the barrier fluctuations is not much shorter
than the defect waiting times, a distribution of the latter
results. The simplest case occurs for a linear relationship
between energy and entropy; S = ¢6E.'® An exponential
density of 6F is introduced:

8BE) = ge#E  (6E > 0) (6)

For a single barrier (with no memory betwen hops), one
has a Poisson density of waiting times:

Y(t) = Age™! ¥))
For a distribution of barriers this becomes ‘
= (ron
w(t) j; AeMp(A) dA (8)

where the density p of rates is given by p(A) = g(6E)
déE/dA. Using eq 4-6 one finds

p(>\)=§(——), 0<A< ) 9)

with kTq/(1 - ¢T) = «. Equation 9 and eq 8 give
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A change of variable allows ¥, to be written as an incom-
plete I' function:

a ~l-a )‘Ot— o —
w"(t)_(i,_a)tl J‘; eVy*dy =

(i)t‘l"“'y(a + 1t) (11)
A

and as t — , Y, (t) ~ [aT(1 + o)/ 2]t which is exactly
the form of eq 2.

Discussion. The model ¢/(¢) of eq 10 goes to a constant
[adg/ (1 + a)] at short time Ayt < 1 and to the power-law
decay of eq 2 at long time Agt > 1. The crossover is tem-
perature dependent through eq 4. The early-time (t)
results in exponential dipole decay ¢(t) at early times
(before KWW) for any lattice.’®

The basic assumption of the calculation is the expo-
nential form of the barrier density in eq 6.1%'¢ This is an
idealization and barrier densities deduced from protein
binding studies!® appear rounded at the low end, perhaps
like a I' density E*e®E. The important difference between
eq 6 and Wagner’s Gaussian model® is the asymmetry
which is reasonable if the dilute solution value of the
barrier is a lower bound. Van der Ziel’s “box distribution”
of barriers®? still plays a role in the theory of 1/f noise.
Macdonald® has made an extensive study of the expo-
nential density, eq 6, for the dielectric problem.

The special assumption of activation energy—entropy
correlation is made for simplicity and to illustrate that even
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if the dispersion parameter q is constant, the exponent a
could display nonlinear temperature dependence. Other
choices are possible!® and would alter the temperature
behavior. The proposed barrier dispersion mechanism
might play a role outside of the glass region, and there is
evidgnce for power laws in “high-temperature” elastom-
ers.?
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CORRECTIONS

Michael Eisele and Walther Burchard*: Slow-Mode
Diffusion of Poly(vinylpyrrolidone) in the Semidilute
Regime. Volume 17, Number 8, August 1984, p 1636.

Equation 6 was wrongly cited. According to de Gennes!
the self-diffusion follows the relationship

Dself ~ N—ZC—L75 (Cl)
If scaling with respect to the overlap concentration c* is

desired the chain length dependence of ¢* has to be taken
into account, which is

cx ~N/R¥~1/[n] ~ N*/° (C2)
Thus in a good solvent one has
Dself ~ N-3/5(C /C*)—l'75 (C3)

which replaces eq 6 of the original paper. The error has
no effect on the conclusions drawn in that paper since the
chain length dependence was not studied.
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